Introduction
The braid group B n admits the following classical presentation given by E. Artin [3] :
Elements of B n are words expressed in the generators x 1 , . . . , x n−1 . The braid group B n admits another presentation called the band presentation given by J. Birman, K. H. Ko, and S. J. Lee [5] . In [10] we constructed a linear system for the braid monoid M B n in Artin generators and computed the Hilbert series for the braid monoids M B 3 and M B 4 . In this paper we construct a similar kind of linear system to compute the Hilbert series of M B 4 in band generators. This linear system is the key behind all the computations to compute the Hilbert series of M B 4 .
In the Hilbert series 1 qn(t) of M B n (for n = 3, 4, 5, 6 ) for Artin generators, the degrees of the polynomials q n (t) are 3, 6, 10, 15 respectively (for details see [11] ), whereas, in the case of band generators, the degrees of q n (t) are 2 and 3 (for n = 3 and 4). The advantage of the Hilbert series (for band generators) is that the growth of q n (t) for band generators is much slower than the growth for Artin generators.
Preliminaries
In a presentation of a monoid we fix a total order of the generators (between the generators we choose the natural order a 21 < a 31 < a 32 < a 41 < · · · < a n(n−1) ). In the monoid the relation α = β will be written as α > β in the length-lexicographic order. Let α 1 = uw and α 2 = wv ; then the word of the form uwv is said to be an ambiguity (for details see [4] ). If α 1 v = uα 2 as a relation as well as in the length-lexicographic order then we say that the ambiguity uwv is solvable (or solved). Such a presentation is complete if and only if all the ambiguities are solvable (for details see [4] , [8] ). Corresponding to the relations α = β , the changes γαδ → γβδ give a rewriting system. A complete presentation is equivalent to a confluent rewriting system.
In a complete presentation (or in the general presentation) of M B n a word containing α will be called a reducible word and a word that does not contain α will be called an irreducible word (also called normal form of the word). We will denote B Let U and V be nonempty words; then the word U a ij V will be denoted as U a ij × ij a ij V . 
In 2008, L. A. Bokut [6] gave the Gröbner-Shirshov basis (GSB) of B n in band generators. The notion of this basis is in [2, 4, 7, 8, 12] under different names: complete presentation, presentation with solvable ambiguities, Gröbner-Shirshov basis, rewriting system, and so on. In [1] we proved that a subset of the GSB of B n given by Bokut [6] is a GSB of M B n . Using the notations (used in [1] ) (t, s) for generator a ts and V [t,s] or
Theorem 2.4 [1] A GSB of braid monoid M B n consists of the following relations:
Hilbert series of M B 4 in Birman-Ko-Lee generators
For the band presentation of the braid monoid M B 3 we gave its Hilbert series in [1] as
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Proof It is obvious from solving all the ambiguities and from the presentation given in [1] . Hence the proof is omitted. 2
As defined above, the set A • A (n) nj·kl denotes the set of irreducible words starting with a nj a kl , where j = 2, 3 , k = 2, 3 and l = 1, 2 .
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Next we construct a linear system for canonical forms in M B 4 .
Proposition 3.3 The following equalities hold for irreducible words in
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Proof We compute the Hilbert series inductively. Here we use the series of the irreducible words of M B 3 , which we have computed in [1] . The series are: P
If ⊔ denotes the disjoint union of sets, then using the GSB of M B 4 and the decomposition of words we have:
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The set A (4) 4i consists of all the words starting with the generator a 4i . Therefore, the set {a 4i } × A (4) 4i is a subset of A (4) 4i consisting of all the words starting with a 2 4i . We apply this concept in the proofs of (4), (5) , and (6). 4) The set A (4) 41 is a disjoint union of the sets {a 41 } , {a 41 } × A (4) 41 , A (4) 41·21 , and A (4) 41·31 , i.e. A (4) 
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Theorem 3.4 The Hilbert series of the braid monoid M B 4 in band generators is given by
P (4)
M (t) = 1 (1 − t)(1 − 5t + 5t 2 ) .
Proof Solving the system of linear equations constructed in Proposition 3.3 we get P 
